In this paper we present two new numerical methods for studying thermodynamic quantities of integrable models. As an example of the effectiveness of these two approaches, results from numerical solutions of all sets of Bethe ansatz equations, for small Heisenberg chains, and Monte Carlo simulations in quasi-momentum space, for a relatively larger chains, are presented. Our results agree with those obtained by the thermodynamic Bethe ansatz (TBA). As an application of these ideas, the pairwise entanglement between two nearest neighbors at finite temperatures is studied.
Introduction
The study of exactly solvable models is a very important field in condensed matter physics, which began with Bethe's solution of the isotropic Heisenberg chain [1] . In general, the Bethe ansatz (BA) solution of a model has several drawbacks: it has a complex mathematical structure; the excitations are not immediately available; and most important, it does not give explicit results even for the thermodynamic quantities of the system. It was only when Yang and Yang [2] presented a strategy to study the thermodynamics of BA solvable systems that the temperature dependence of quantities such as the specific heat and the magnetic susceptibility became available. The method is now designated as the thermodynamic Bethe ansatz and has undergone many developments in the last thirty years [3] . Additionally, correlation functions, such as the conductivity, can not be obtained from the BA equations alone, and a combination of BA results with other methods is required for their calculation [4] .
The BA method has been applied to Bose, Fermi [5, 6, 8] , and spin systems [1, 7] . It is a general feature of the BA solution, first proved by Yang and Yang [2] for the Bose case, that a given eigenstate of the model is characterized by a unique set of quantum numbers {I j }. Further, it also can be shown that all configurations of these quantum numbers I j exhaust the Hilbert space of a given model. Since the energy eigenvalues are functions of the above quantum numbers, instead of using TBA and quantum Monte Carlo approaches, we can study BA solvable a e-mail: sjgu@phy.cuhk.edu.hk models in quantum number space by classical Monte Carlo method. Furthermore, for a small system (these systems are larger than those to which exact diagonalization methods can be applied), it is possible to solve the BA equations for all eigenvalues. Therefore, the expectation value of an Hermitian operator in thermal equilibrium can be computed.
In this paper, we shall introduce two numerical approaches for computing thermodynamic quantities of Bethe ansatz solvable models. The methods are illustrated with the 1D isotropic Heisenberg model, since this model is well studied in the literature. Furthermore, the study of the Heisenberg model is itself relevant, since this system predicts many properties of quasi-one-dimensional materials [10] [11] [12] . This model has been investigated by many kinds of methods. For example, the low temperature behaviors are quite well understood by a combination of the Bethe ansatz [13] and conformal field theory [14, 15] . A strong logarithm singularity in the susceptibility at low temperature was first found by the Bethe ansatz calculation of the quantum transfer matrix (QTM) [16] and then verified experimentally [10, 11] . The thermodynamics of the model has been studied by TBA [3, [17] [18] [19] [20] [21] [22] as well as by QTM [23] [24] [25] [26] . As an application of our method, we apply it to the pairwise entanglement of two nearest neighbors of this model at finite temperatures. The entanglement in spin systems has attracted much attention [27] [28] [29] due to its nontrivial role in the field of quantum information and quantum computation [30, 31] , moreover, it also sheds new light on our understanding of the quantum critical phenomenon [32, 33] .
The paper is organized as follows. In Section 2, we first briefly review the BA solution of the isotropic Heisenberg model. In Sections 3 and 4, we introduce the basic idea of the numerical Bethe ansatz (NBA) and Monte Carlo Bethe ansatz (MCBA). In Section 5, we check the effectiveness of these two methods by computing the specific heat and the magnetic susceptibility in the absence of an external magnetic field and compare our results with those obtained from the TBA. We then use our methods to study the two quantities above in the presence of an external magnetic field. In Section 6, we apply our method to study the behavior of the pairwise entanglement in the antiferromagnetic Heisenberg model. Finally, a brief summary is given in Section 7.
Isotropic Heisenberg model
Now let us first review the Bethe ansatz solution of the 1D Heisenberg chain, which can be found in Takahashi's book [3] . The Hamiltonian of the isotropic Heisenberg model is
where N is the number of sites, S x l , S y l , S z l are spin 1/2 operators at site l and J = −1, 1 representing antiferromagnetic and ferromagnetic cases, respectively. The solution with a periodic boundary condition S N +1 = S 1 using the string hypothesis takes the form
Here θ(x) = 2 tan −1 (x), and
and x n γ is the real part of the n-string which is designated by
x n,j γ = x n γ + i(n + 1 − 2j), j = 1, . . . , n I n γ is the quantum number of γth n-string (note that n and γ are indices). We denote the number of the n-string by α n , thus n = 1, . . . , M; γ = 1, . . . , α n and the string configuration {α} satisfy
where M is the number of down spins. The quantum number of n-string I n γ is an integer (half-odd integer) if N −α n is odd (even) and satisfy
where t nm ≡ 2 min(n, m) − δ nm . For a given set of {I n γ }, equation (2) can be solved numerically and the energy is given by
which represents the energy of the lowest weight state in the SU(2) irreducible space designated by S = N/2 − M, S z = S, S − 1, . . . , −S. In the presence of an external field h a Zeeman term is added to equation (6) . Hence the total energy of a given quantum number configuration is given by
where M = 2S z is the magnetization of the state.
Numerical Bethe ansatz
In statistical mechanics, the expectation value of a Hermitian operator Q in thermal equilibrium is given by
where Z is known as the partition function, defined as
β is inverse temperature, and µ represents the sum over all possible eigenstates of the Hamiltonian. It turns out that the variation of Z with respect to temperature or any other external parameters affecting the system can tell us virtually everything we might want to know about the macroscopic behavior of the system. For example, the internal energy is given by
From equation (9) , it is easy to see that the internal energy can also be written in terms of a derivative of the partition function:
The specific heat is given by the derivative of the internal energy:
where k B is the Boltzmann constant which is set to unity hereafter.
Our aim is to combine the idea of statistical mechanics mentioned above with the numerical solution of the BA equations. The main idea of the numerical Bethe ansatz method we introduce here is, first, to compute all eigenvalues of a BA solvable model from its corresponding BA equations. Then to compute the expectation value of the Hermitian operators, representing the physical observables we are interested in, by averaging those operators over all states of the system, weighting each state with its own Boltzmann weight.
It has been shown [3] that the Hilbert space of the isotropic Heisenberg model is complete under the string classification. Here we want to show how to travel through all C N N/2 states in quantum number space and illustrate it by considering a system of 6 sites.
For the case of M down spins, the first task is how to obtain all string configurations fulfilling the restriction (4). We adopt a time-like number "α M :α M−1 : . . . :α 2 :α 1 ", where the magnitude α n measures from 0 to [M/n] (here [x] returns the truncated integer value of x), just like hours and minutes in "HH:MM" measure from 0 to 23 and 0 to 59 respectively. If we increase the number "α M : . . . :α 1 " by adding 1 to the first digit α 1 , step by step, we can travel through all possible values. Among all these numerical values, only those whose digits satisfy the condition (4) are what we need. Then all string configurations can be found by this procedure. Of course, these operations are realized in a computer. In order to make the method clear, let us consider a problem of 6 sites. M = 0: it is easy to have the state with all spins up, i.e. M = 0, which has energy E = −JN/4. M = 1: in this case, we only have one string configuration α 1 = 1 and one quantum number −2 ≤ I 1 ≤ 2, thus there are 5 states. Each of them is represented by one quantum number in the interval [−2, 2]. We can get all possible quantum number configurations from the following figure,
where the dot is the occupied quantum number, and the open circles represent other possible quantum numbers. Then the BA equation is just
which has a simple solution x 1 = tan(πI 1 /6). M = 2: here the string configuration is characterized by {α 1 , α 2 }. We construct a number "α 2 :α 1 ", in which the maximum value of α 1 is 2 ([2/1] = 2), and α 2 1 ([2/2] = 1). Increasing α 1 step by step we generate all possible configurations of the "α 2 :α 1 " number, ranging from 0:0 to 1:2. Among all the generated configurations, we are only interested in those satisfying the condition α 1 + 2α 2 = 2. The first case is α 1 = 2, α 2 = 0, in which the quantum numbers satisfy −3/2 ≤ I 1 1 , I 1 2 ≤ 3/2, the second one is α 1 = 0, α 2 = 1, in which the number satisfies −1 ≤ I 2 1 ≤ 1. They can be characterized by 
respectively, where ‡ denotes the occupation for a quantum number of 2-string. In Table 1 , we list all quantum number configurations for M = 2. The BA equations for these two cases are
and
respectively. M = 3: in this case the string configuration is characterized by {α 1 , α 2 , α 3 }. In the same way as we did above, we construct a number "α 3 :α 2 :α 1 ", the maximum value for each digit from left to right is 1, 1, 3 respectively. Then we have 3 string configurations with the condition α 1 + 2α 2 + 3α 3 = 3, which correspond to the following sequences
where a, b, c have 1, 3, 1 states respectively, § denotes the site for 3-string. And in Table 2 , we list all quantum number configurations for M = 3, whose BA equations are
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respectively.
As a result we have in total C 6 3 = 20 distinct configurations of a quantum number whose Hilbert space is complete.
Then, we compute the eigenvalue for a given quantum number configuration {I n γ } by solving the BA equations numerically. For the Heisenberg chain, the BA equations can be solved by iteration, for other models, such as the Hubbard model, the BA equations can be solved by a gradient method.
Monte Carlo Bethe ansatz
For a system of N sites, there are C N N/2 quantum number configurations. This number increases exponentially with the size of the system, so it is impossible to calculate all eigenvalues for a large system, such as N > 40, with existing computer capacity. This restriction can be overcome by a Monte Carlo method. There are many Monte Carlo methods available, and we introduce below a new method that we call the Monte Carlo Bethe ansatz. This method is a classical Monte Carlo strategy applied to a quantum problem. The basic idea behind the MCBA method is to simulate the random thermal fluctuation of the system from state to state in the quantum number space of the BA solution. This method is not limited by the sign problem that may show up in the usual quantum Monte Carlo methods.
Since the energy eigenvalues are a function of both M and of the quantum numbers I n γ we can follow a classical Monte Carlo strategy, by sampling the configuration space of M and {I n γ }. We now explain how to implement the Monte Carlo calculation, which follows three steps. Let us assume the present state is µ with a corresponding M µthe number of down spins in state µ. From the state µ any other state ν with M ν , within the number of C N N/2 −1, can be obtained.
step one: first we choose M ν , knowing that the number of states with M ν spins down is C N Mν − C N Mν −1 , thus the probability of selecting M ν is (C N Mν − C N Mν −1 )/C N N/2 . step two: having selected M ν , all possible string configurations for the given M ν are determined from of equa-tion (4) which satisfy [3] α1+···+MαM =M
where D({α n }) is the number of states, characterized by the set of quantum numbers {I n α } associated with the string configuration {α n }, and reads
So, in step two, we select a string configuration with the probability D({α n })/(C N M − C N M−1 ). step three: having determined the string configuration, we then select at random a quantum number configuration, which is the state ν we want, for the given string configuration. From the partition function Z, the probability density for a state µ is
where the degenerancy of state µ was taken into account. The detailed balance condition tells us the transition probability should satisfy
Hence it is possible to use the Metropolis algorithm for the acceptance ratio to accept or reject the state µ according to
The MCBA algorithm is complete and the three basic steps are repeated a number of times. After an initial equilibration time, the expectation values can be then estimated as an arithmetic mean over the repeated Markov chain
Specific heat and susceptibility
In order to check the validity of our approaches, we apply these two methods to the study of the specific heat and the magnetic susceptibility of the anti-ferromagnetic and ferromagnetic Heisenberg models. For the present model, however, because of the degeneracy in each set of quantum number configurations, equation (8) should be revised according to the property of the operator. For example, the internal energy and magnetization are where Z = µ (N − 2M µ + 1)e −βEµ . From thermodynamics it is easy to obtain the expression for the specific heat and magnetic susceptibility per site
We apply NBA to a 24-site system and MCBA to a 60-site system, respectively. The latter has C 60 30 different quantum number configurations, hence it is impossible to calculate all the eigenvalues of the system.
In Figures 1 and 2 , we show the specific heat and the magnetic susceptibility, for a 24-site system, obtained from NBA and compare our results with those obtained from TBA. It is clear that the two results match. In Figure 3 , we show the specific heat and the magnetic suscepti- bility, for a 60-site system obtained from MCBA together with the results from TBA. They both agree to each other except at low temperature. In Table 3 , we compare, for the ferromagnetic case, the two methods we introduced here with TBA, giving the explicit numerical values. It is clear that our methods work very well for the present model. Hence our conclusion is that for a small system, such as N ≤ 38 due to the computer limitation, it is possible to compute all eigenvalues and to obtain all possible thermodynamic quantities of interest by using equation (8) . For temperatures larger than the finite size energy gap our results agree with TBA results exactly. For larger systems, however, results can still be obtained by using the MCBA method. For the present model, it is interesting that the result of the 24-site system already matches that obtained from NBA for thermodynamic system. We interpret this being due to the fact that the correlation functions in this model are all power-law decay. Therefore, the local physical quantities, such as energy, are not effected remarkably by those spins that are far away. So a small system can well describe the thermal properties of an infinite system. Now we study the thermodynamics of the model in the presence of a magnetic field by NBA, which has also been studied by Klümper [26] . In Figures 4 and 5 , the results for the specific heat and the magnetic susceptibility of the anti-ferromagnetic case are shown for various magnetic fields. It is clear from these two figures that there are two different behaviors at low temperature, separated by the saturation field h c = 1.0 in the ground state. In order to understand better this behavior of the antiferromagnetic case, let us use the mapping between the Heisenberg model and the spinless fermion model. This mapping is achieved by the Jordan-Wigner transformation [36] , and Hamiltonian (1) can be written as
where the spinless fermion operators f † l , f l obey the usual anti-commutation relation, n l is the usual local number operator. When h < h c , the system is not fully polarized, that is N l=1 n l > 0, hence we always have two Fermi points ±k F in the ground state. The dispersion relation of low-lying excitations is dominated by the linear-k dependence, hence we still have the Fermi-liquid like specific heat: C ∝ T at low temperatures. If h ≥ h c , however, and from the point view of spinless fermions, we have N l=1 n l = 0, and the dispersion relation becomes k 2 , because of the cos k dispersion-relation for the fermions in the lattice. Hence, the specific heat manifests a T 1/2 behavior at sufficiently low temperature for h = h c , which can be seen in Figure 4 [26] . For the ferromagnetic case the specific heat and the magnetic susceptibility are plotted in Figure 6 , for different values of the magnetic field. As is known, if h = 0 the ground state of the ferromagnetic case is highly degenerate with S = N/2, S z = −S, −S + 1, · · · , S and a very small h can fully polarize the system. So it is easy to understand why zero temperature susceptibility is infinite. After it is magnetized (in the presence of small h), however, the susceptibility should be zero. This behavior is seen in Figure 6 , panel b. We also show, in Figure 6 , panel c, the susceptibility obtained by MCBA. Both the results of the two methods agree with each other perfectly.
Pairwise entanglement at finite temperatures
As an application, we apply our method to the pairwise entanglement of two nearest neighbors at finite temperatures. Obviously, the Hamiltonian is invariant under a global SU(2) rotation, which implies total spin conservation. Thus the reduced density matrix of any two spins of the system takes the form
which is expressed in the conventional bases | ↑↑ , | ↑↓ , | ↓↑ , | ↓↓ . The entities of the reduced density matrix (28) can be calculated from the finite-temperature correlation functions, G αβ = S α S β , namely
For the present model, we also have G xx = G yy = G zz due to the global SU(2) symmetry. Since we just consider the entanglement between the nearest neighbors, the correlation function is simply
where E is calculated from equation (25) . Then, the pairwise entanglement, in terms of the measurement of concurrence [37] , can be calculated as
which is site-independent because of the translational invariance. We show the concurrence between two nearest neighbors as a function of temperature for a 30-site system in Figure 7 . From the figure we can see that the thermal fluctuation usually suppresses the entanglement. Meanwhile, in the high temperature limit, T → ∞, the Boltzmann weight of each eigenstate becomes almost equal, this fact leads to vanishing correlation functions. Therefore, the concurrence is expected to become zero in the high temperature region. So there exists a threshold point T th at which the concurrence becomes zero as the temperature increases. The threshold temperature is quite important since it tells us the range of temperature in which the system has nonzero entanglement. As is well known, in spin 1/2 systems, the nearest neighbor superexchange interaction is estimated in the order of 1000 K. The above result shows that the threshold temperature is also in the same order of the interaction strength. Therefore the entanglement of two nearest neighbors may always exist at room temperature. In order to study the dependence of the threshold temperature on the system's size, we show the behavior of the threshold temperature in Figure 8 for the system-size up to 32. From the figure, we find T th (N = odd) < T th (N = even) if N < 11 [28] . However, this relation is not longer true if N > 11, as we can see from the figure. It becomes T th (N = odd) > T th (N = even).
Summary
In summary, we presented two numerical approaches to the thermodynamics of Bethe ansatz solvable models. The first one is the numerical Bethe ansatz which works very well for a small system. We think it is possible to obtain all eigenvalues of a system up to size L = 38, for the Heisenberg model. For a relatively larger system, we also find that the Monte Carlo simulation in quasi-momentum space works well in the moderate and high temperature regions. At low temperatures, the present selection method is not excellent, and a better one is required. The discovery of such a method is a challenging and interesting research problem. As an application, we used NBA to study the behavior of pairwise entanglement and the corresponding threshold temperature in the antiferromagnetic Heisenberg model. We found that the finite-size-effect of the threshold temperature shows a quite different behavior for even-and odd-size systems.
There are many physical quantities of interest at finite temperature which are still not well understood, such as spin stiffness of the XXZ model that is important to understand the transport properties, because of the complex form of the thermodynamic equations. Our methods provide a new route to compute all these quantities directly from the Bethe ansatz equations.
